In this paper, we study the wave equation with the homogeneous dirichlet conditions. The Fourier cosine series was used to solve the problem. The solution we obtained is unique.
Introduction
The wave equation [3] is the considerable second-order linear partial differential equation for the description of waves as in physics such as sound waves, light waves and water waves. It originates in fields like acoustics, electromagnetics, and fluid dynamics. The wave equation is a hyperbolic partial differential equation. It essentially involve a time variable t, one or more spatial variables x 1 , x 2 , ..., x n , and a scalar function u = u(x 1 , x 2 , ..., x n ; t), whose values could model the displacement of a wave. The wave equation in one space dimension can be derived in a variety of different physical settings. Most renownedly, it can be acquired for the case of a string that is vibrating in a two-dimensional plane, with each of its elements being pulled in opposite directions by the force of tension [2] . Mbaye [4] presents a new approximation of pressures on the interface between fluid and structure based on Fourier series development for solving a steady fluid structure interaction problem. Shi and Wang [5] used Fourier series theory coupled with the techniques of real analysis inequalities and investigated the existence and uniqueness of periodic solutions for a class of neutral differential equations with delay. In this paper, we consider the homogeneous Dirichlet conditions for the wave equation. Fourier cosine series is used to solve problem. The solution we obtained is the only possible solution.
Preliminaries
We begin by first show that
is the Fourier cosine series
We can find the coefficients of its Fourier cosine series as
and
Therefore, the Fourier cosine series of ϕ on [0, 1] is
We next will show that our solution is the only one solution of the problem by using the energy function.
Main Result
Lemma 3.1. u(x, t) = Proof. To solve it, we separate the variables by letting u = Φ(x)Ψ(t) where Φ(x) does not depend on t and Ψ(t) does not depend on x. Then, u tt = Φ(x)Ψ (t) and u xx = Φ (x)Ψ(t). By substituting to the partial differential equation, we obtain
We impose the boundary condition on the separates solution. This implies that u x (0, t) = Φ (0)Ψ(t) = 0 and u x (1, t) = Φ (1)Ψ(t) = 0; ∀t ≥ 0.
Because u = Φ(x)Ψ(t) is nontrivial. It leads to Φ (0) = 0 = Φ (1). Also, by imposing the initial condition we have u t (x, 0) = Φ(x)Ψ (0) = 0 for 0 ≤ x ≤ 1. It implies that Ψ (0) = 0. Consequently, we derive
where λ is a constant. The eigenvalues are λ n = (nπ) 2 ; n = 0, 1, 2, ..., and the eigenfunctions are determined by the boundary conditions that we enforce at the boundaries of our system which are Φ n (x) = cos(nπx); n = 0, 1, 2, .... Therefore, the solution to t-equation corresponding to λ = λ n is Ψ n (t) = cos(nπt).
Since the formal solution to the homogeneous part of the problem is of the form
A n cos(nπx) cos(nπt).
We wish to choose the constants A 1 , A 2 , A 3 , . ... So, the nonhomogeneous initial condition is satisfied
By the Lemma 2.1., we obtain
Thus, we have
Next, we show that the above solution is the only solution. To see this. Suppose that there were another solution. Then,
We solve the wave equation
Consider the energy function of w
Observe that
Thus, Γ(t) = constant for all t ≥ 0 but
since
So, this yields
By the continuity and positivity of the integrand of Γ. It follows that ς As a result, we have derived that our solution is unique by using the energy function.
